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ABSTRACT. Let G, 1, denote the Kneser graph whose vertices are the n-element
subsets of a (2n + k)-element set and whose edges are the disjoint pairs. In
this paper we prove that for any non-negative integer s there is no graph ho-
momorphism from G42 to Gas4+1,2s+1. This confirms a conjecture of Stahl in
a special case.

1. INTRODUCTION

Let G, denote the Kneser graph whose vertices are the n-element subsets of
the set {1,...,2n+ k} and whose edges are the disjoint pairs. We are interested in
the question that for which values of the parameters n, k,n’ and k' there exists a
graph homomorphism from G, 1, to Gy . We write G, , — G/ 1 to denote that
there exists a graph homomorphism from G, ; to G/ i

It should be obvious that if there exist homomorphisms from G, 1, to Gy, and
Gy 1, then there is one from Gy, ;; to G/ g4k This property is called addi-
tivity of homomorphisms between Kneser graphs. The existence of homomorphisms
between certain Kneser graphs is well known, see [5].

Lemma 1. We have that Gy, = Gpns ks Gnx — Gn-1k and Gp i — Gy jy1-
Hence, if ’% > f%}, then G — Gpr i -
y y=pX

FIGURE 1

The meaning of the lemma is that for any grid point (n’, k") in the shaded area
of Figure 1 there is a homomorphism from G, to G/ k.
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The following conjecture was formulated by Stahl in [5] in a slightly different
form.

Conjecture 2. If % < (%] then G i 7 G/ i -

The conjecture tells us that for any pair (n’, k') in the light area of Figure 1,
Gnk 7 Gp . In view of Lemma 1 to settle the conjecture it suffices to prove
that G # Grst1,ks+k—1 for all s. In fact, it suffices to prove this for arbitrarily
large values of s. Indeed, for any s’ < s, Gpx — Gns'+1,ks'+k—1 would imply
Gk = Gnst1kstk—1 by using G k. — G (s—s/)k(s—s) and the additivity property.

Some of the earlier results related to the conjecture show that for arbitrarily
chosen values n and k there exists certain subregion of the light area of Figure 1 such
that for any grid point (n’,%’) from this subregion, G, /# G x. For example,
Lovész’s theorem in [2] states that the chromatic number of G, is k + 2. This is
equivalent with saying that for any grid point (n’, k') from the stripe determined by
the lines y =k —1 and y =0, Gy x / Gpn k- By the Erdés-Ko-Radé theorem [1]
for any grid point (n’,k’) below the line y = 7’2:1:, Gni 7> G . Stahl [5] extends
this result for any grid point (n/, k") # (ns, ks) on the line y = %x By the above
mentioned consequence of the Erdés-Ko-Radé theorem, Stahl’s conjecture holds for
the case when k = 1 and n is arbitrary. In [5], Stahl gave another proof for this
case by using the fact that G,, 1 contains a (2n + 1)-cycle, meanwhile G, j does
not if (n’, k') is below the line y = %x Stahl also managed to prove his conjecture
for n = 2 and n = 3 and arbitrary values of k in [6]. Our goal in this paper is to
prove the conjecture for the case of n = 4 and k = 2. This is the smallest pair of
parameters n and k for which the conjecture was open.

2. MAIN RESULTS

To study the existence of homomorphisms between Kneser graphs we adopt an
approach presented by Walker in [7]. Let B, ; denote the ordered set of the subsets
of the set {1,...,2n + k} that have size at least n and at most n + k. We write
B,k — By i to denote that there is a monotone map from B, to B,/ s that
preserves disjointness. Such a disjointness preserving monotone map is called a
homomorphism. Clearly, if ¢ is a graph homomorphism from G, 1, to G,/ i/, then
the map A — Upcap(B) is a homomorphism from B,, i, to B, ;. Conversely, if ¢
is a homomorphism from B, ; to B,/ s, then the map that assigns an n'-element
subset of (A) to every A in G, j is a homomorphism from G, to G, k. Thus,
there exists a graph homomorphism from G,,  to G,/ - if and only if B, , = B/ .
We shall use the latter equivalent condition for proving our main result in the paper.

In the sequel we require a result from Osztényi [3]. The distance d(R, Q)) between
two elements R and ) of B, j is the shortest length of a path between R and @ in
the comparability graph of B, j.

Lemma 3. Let n = k[7] —r.

(1) min{d(R,Q): R,Q € By, and RNQ =0} = 2[%]
(2) If R,Q € By, and RNQ =0, then d(R,Q) = 2[ | if and only if |R|+|Q| <
2n +r.

The spider web is the poset of height one depicted in Figure 2. It has black
nodes and white nodes. Black nodes are minimal and white nodes are maximal
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FIGURE 2. The spider web (a top view)

elements of the poset. We say that B, ; contains the spider web if there exists a
monotone map from the spider web to B, ; that sends the antipodal elements on
the boundary of the spider web to disjoint elements of By, . In this situation the
image of the spider web as a subposet is called a spider web in B, ;. If S is a
spider web in B,,  we shall talk about the black and white nodes of S. These are
simply the images of nodes of the same respective color of the spider web under the
relevant map. At this point we note that a node of a spider web in B, ; may have
multiple colors as the map associated with it may not be injective.

Next, we shall prove Conjecture 2 for the case of n = 4 and k = 2. The idea
of our proof is somewhat similar to that of Stahl’s proof for the case k = 1 in [5];
we exhibit an obstruction of small size to the existence of a homomorphism. By
Walker’s approach it suffices to prove the following.

Theorem 4. For all non-negative integers s, Ba o # Bast1,2541-

Proof. As we noted earlier, it suffices to prove the claim for arbitrarily large values
of s, so we assume that s > 1. We also assume that the elements of Bys11,25+1 are
subsets of a (10s + 3)-element set U. Suppose to the contrary of the claim that
By — Buasy1,2s+1- Since By o contains a spider web, Bysy1,244+1 contains a spider
web, too. Let S be a spider web in Bgs41,2s4+1. Observe that each node of S is
contained in a path of length at most 4 between two disjoint black nodes of S. Let
P be a path like that in Bsgs11,2¢+1. By Lemma 3, P has length 4 and the end nodes
of P have 4s + 1 or 4s + 2 elements. This is also true for the middle node of P.
Indeed, if the middle node had at least 4s + 3 elements, then the three black nodes
of P would have a nontrivial intersection which would violate the disjointness of the
two end nodes of P. So the black nodes of P have either 4s+ 1 or 4s + 2 elements.
Moreover, each white node of P has at least 6s + 1 elements, for otherwise the two
end nodes of P would share a common element, a contradiction.
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A UA,

FIGURE 3. A spider web in Bygo, where A; = {2¢ — 1,2} and
Al ={2i — 1} for 1 < i <5 and the white nodes are obtained by
taking unions of neighbors.

The above bounds on the sizes of black nodes and white nodes of S show that
the sets of black nodes of S is disjoint from the set of white nodes of S. Then,
by possibly throwing out one element from each of the black nodes of S, we may
assume that each of the black nodes of S has 4s+ 1 elements. We observe that the
nodes of the boundary of S are pairwise different subsets of U. Indeed, any two
nodes of the boundary of S are contained in a path of length 4 between two disjoint
black nodes, or one of the two nodes is a white node and the other contains the
antipodal black node.

Let X, Y and Z be the consecutive minimal elements of a path of length 4 between
two disjoint elements X and Z in Bysy1 2541 such that | X| = Y| =|Z| =4s + 1.
Then we claim that 2s < |[X NY| <2s+1and that | XNY|=|YNZ|=2s+1
does not hold. Indeed, if | X NY| < 2s— 1, then we should throw out at least 2s+ 2
elements from X to get Y, which is impossible to do in one step in Bas41,2s41. If
2542 < |X NY], then we should also throw out at least 2s + 2 elements from Y to
get Z, which is impossible. Finally, if | X NY|=1|Y N Z| = 2s + 1, then

ds+2=|XNY|+|[YNZ|=|(XUZ)NY|<|Y|=4s+1,
a contradiction.

Let X,Y,Z, W € S as displayed in Figure 4. We claim that |[XNY|=|Y NZ| =
|Z N W| = 2s does not hold. Suppose that all of these equalities hold. Then
[WuZ| = |W|+|Z] —|WnNZ| =6s+2. Since X,Z,W are all subsets of the
(10s + 3)-element set U, | X| =4s+1and XN(WUZ) =), hence XUZUW = U.
SoY =(YnX)u(YNn2)u(Ynw). AsYnwW =0,Y =(YNnX)u(Yn2Zz),
which implies that |Y| = 4s, a contradiction.
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FIGURE 4

Summing up what we have so far, on the boundary of S the intersection of two
consecutive black nodes has 2s or 2s + 1 elements and among those intersections
there are no two consecutive ones of size 2s+1 and no three consecutive ones of
size 2s. According to these conditions we depicted the sizes of the intersections
of consecutive black nodes on the boundary of S in Figure 5. The sizes and the
disjointness relation in S yield the existence of pairwise disjoint subsets Ay, ..., As;
and F in U such that |A1] = |Az| = |A4] = 2s, |A3| = |A5] =25+ 1, |E| =1 and
the black nodes on the boundary of S are of the form shown in Figure 5.

Let O be the union of the images of the five innermost black nodes of the spider
web in S. Clearly, O is less than or equal to the intersection of the images of
the five innermost white nodes of the spider web in S. We claim that O can be
assumed to have at most 5s+ 1 elements. Indeed, if O had at least 55+ 2 elements,
then we could increase by one element the white nodes of 6s + 1 elements on the
boundary of S in such a way that the disjointness relation would still hold and, by
complementation, would get a new spider web S’ in Bys41 2541 such that the union
of the images of the five innermost black nodes of the spider web in S’ would have
at most 5s + 1 elements. So from now on we assume that |O] < 5s + 1.

Since for any black node @ on the boundary of S, @ and O are contained in a
path of minimum length between two disjoint black nodes on one of the diagonals
of §,2s<|QNO| <2s+1. For A€ {Ay, As, A3, Ay, A5, E} let A’ = ANO. Thus
O =A7UA,UALU AU AL UE’, and we have the following system of equations
for the sizes of a; of A} and e of E’.
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2s+1

AU A,

2s

A,UAUE

2s

AU A;
2s+1

FIGURE 5. The structure of the boundary of S in Basi1,25+1

e+a1 +as =25+ €

as +az = 25+ €9

(%) a3+ ag = 2s + €3
ag +as =2s+ €4

as + a1 = 2s + €5,

where ¢; € {0, 1}.

By summing up these equations we get that

5

(%) 210/ =105+ ) € +e.

=1

So by |O] < 55+ 1 we have that Z?:l €; + e < 2. Hence at most two of the ¢; equal
1. The above equation also shows that if none or two of the ¢; equal 1, then e = 0,

and if exactly one of the ¢; equals 1, then e = 1.

In Figure 6 we displayed O and some elements of S those of which we make a
claim on before launching into the case by case argument of the proof. We note
that some nodes of the same color in the figure may collapse, not on the boundary

though.

Claim 1. If
0N X1| = 0N Xa| = 2,
then
W C (OﬂXﬂU(OﬂXQ)U(XlﬁXQ)U(OﬂE).
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FIGURE 6

Indeed, since V; C O, V,NX; CONX;and V;UX; COUX,; for 1 <i < 2.
The equality |O N X;| = 2s implies |V; N X;| = 2s, and hence U; = V; U X;, and so
U COUX; for 1 <i<2. Now, W CU;NU;N X3, and so

W C (OUX1)N(0UX2)N(X1UX2UE) = (ONX1)U(ONX2)U(X1NX2)U(ONE).

Next we obtain a contradiction for all possible values of the ¢;, which proves that
By — Byst1,2s+1 does not hold. To follow the argument see Figure 7.

FIGURE 7
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Case 1. We assume that for 1 <i < 5, ¢, = 0. Then we saw that e = 0 and from
(x) all of the a; equal s. By the preceding claim we have that

Wi C AL U Ay U AL,
which yields
W1 < |A5 U Ay U AL| = 4s,
a contradiction.

Case 2. We assume that one of the ¢; is 1 and the others are 0. Then we saw that
e = 1. By symmetry it suffices to consider the following three subcases.

(i) Suppose that € = 1. Then from (x) all of the a; equal s and the claim applied
to W1 in the same way as in Case 1 gives a contradiction.
(#i) Suppose that e = 1. Then from (x) again,
ag=a4=8—1, ap =sand ag =a5 =s+ 1.
By Claim 1, Wy C A} U A5 U A} U E, which yields
[Wa| < |Ay U A5 U A} U E| = 4s,

a contradiction.

(4i4) Suppose that e = 1. Then from (%),
ag=s8—1,a1=a4=a5=sandaz=s+1

and W3 C AL U A; U AL U E yields a contradiction again.

Case 3. We assume that two of the ¢; are 1 and the others are 0. Then we saw

that e = 0. Up to symmetry it suffices to consider the following six subcases. In

the first three of these subcases we assume that two consecutive €; equals 1.

(i) Suppose that €¢; = e3 = 1. Then from (x) we get that

ai=az3=a4=as=sand ap =s+1

and Claim 1 applied to W7 in the same way as in Case 1 yields a contradiction.

(4i) Suppose that e = €3 = 1. Then from (x) we get that
a1 =ay=ags=as=sand a3 =s+1

and W3 C AL U A; U A, yields a contradiction.

(ii1) Suppose that e3 = ¢4 = 1. Then from (x) we get that
a1 =ap=a3 =as =s and ag = s+ 1.
Similarly as in the preceding subcase we get a contradiction.

For the next two subcases we require a new claim whose proof is an analogue of
that of Claim 1 (for notation see Figure 6).

Claim 2. If

[ONXi|=2s+1, |[ONXz|=2s and e =0,
then

W] <[(ONX1)U(ONX)U (X1 NXa)|+1.

For completeness we supply a proof. As we saw in the proof of Claim 1, the
equality |ONX,| = 2s implies Uy € OU X5. Similarly, the equality |ONX;| = 2s+1
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implies that [V1 N X3| is 2s or 2s+1, and hence Uy = V1 U X, U{v} for some v € U,
and so Uy C OU Xy U {v}. Now, W C U; NU2 N X3, and so

W] < |(OUX;U{o})N(OUX)N (X UX2UE)| < [(ONX1)U(0NX2)U(XNXo)|+1.

(iv) Suppose that €; = e3 = 1. Then
as=s8—1, aa=a3=sanda; =a4=s+1

and by Claim 2, [W;| < |45 U Ag U AL + 1 = 4s, a contradiction.

(v) Suppose that €3 = e5 = 1. Then
aa=8—1, a4 =a5=sanda; =az3=s+1

and by Claim 2, [W3| < |Af U Ay U Ay| + 1 = 4s, a contradiction.
The only remaining subcase needs an extra argument as follows.

(vi) Suppose that ez = €5 = 1. Then
ag=8—1, a1 =ay=sand ag =a5 = s+ 1.
Hence |[ON(A5UA )| =2s+1, |ON(A4UAs)| = 2s. So as in the proof of Claim 2,
Wo C(OUAsUA U{wh)N(OUALUA5)N(A4UAsUAUE)

for some w in U. By the use of e = 0 we get W C A} U A5 U A} U {w}. Since
|AJUAsUA U{w}| < 4s+1, Wo = AJUA;UA]U{w}. Then w € OUA;UA5. On the
other hand w € OU Ay U A5, for otherwise Wy C A} U A5 U A} and hence |W3| < 2s,
a contradiction. Hence w € Ay \ Aj. Since T is a subset of 47 U A U E U O,
w ¢ T. Hence w ¢ Ws. On the other hand W3 C AL U A; U A5 U {w} and
|[Af U AL UASY =4s+1. So Wi = AL U A; U AL, By a symmetric argument starting
with W yields that Wy = A} U A3 U A;. Then T contains

W3UW4UA1UA2UE:A1UA2UA£))UA§)UE.
But |4; U Ay U A5 U AL U E| > 65 + 3, a contradiction.

3. CONNECTIONS WITH THE SCHRIJVER GRAPH

The Schrijver graph S,  is the subgraph of G,  that is spanned by the vertices
with no neighboring elements modulo 2n+k. In [4] Schrijver proved that there is no
graph homomorphism from S, ; to G ;—1, which implies Lovész’s result that there
is no homomorphism from Gy, j; to G1 x—1. Actually, the proof of Theorem 4 in the
preceding section shows, as explained in the next paragraph, that a similar idea
works for n = 4 and k = 2 and for all s, that is, there is no graph homomorphism
from Sy 2 to Gast1,25+1, and so there is none from G4 2 to Gasyi,2541-

Indeed, S42 yields a poset P o whose base set is formed by the vertices of Sy o
and their complements, and whose ordering is containment. We depicted this poset
in Figure 8, where for the sake of clarity all edges between the black and white nodes
of the boundary are left out. Our spider web is obtained from P, by removing
the nodes of the boundary and the nodes adjacent to them. Note that there is a
monotone disjointness preserving map from the spider web to Bys11,2s+1 if and only
if there is one from Py 9 to Bysy1 2541 if and only if there is a graph homomorphism
from Sy to Gast1,2s41. S0 by the proof of Theorem 4 there is no such a graph
homomorphism.
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FIGURE 8. The poset Py 2 (a top view)

Let n > 4. One may speculate that there still may not exist a graph homomor-
phism from S, 2 to Gysy1,254+1, and this makes Stahl’s conjecture true for n and
k = 2. Unfortunately, for the cases n = 5 and n = 6 we have found graph em-
beddings from S5 2 to Gg 3 and from Sg 2 to G7 3 via a computer program, see the
files hitp://www.math.u-szeged.hu/~makay/map5_2.txt and map6_2.tat. Let S, 5
be the subgraph spanned by the vertices of G, 2 that are comparable to some of
the complements of the vertices of Sy, 2. Clearly, S, 2 is a subgraph of S, ,. It was
also checked by computer that there is no homomorphism from S 5 to Gg 3, which
gives G52 /4 Gg,3. Our findings for G52 and Ss 2 also show that the multichro-
matic numbers (defined in [5]) of a Kneser graph and the related Schrijver graph
may differ, as opposed to their usual chromatic numbers.
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